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A rectangular ferromagnetic yoke part where a part of the magnetic flux is branched off sidewards to an air region can be modeled
by a nonlinear three-port magnetic equivalent circuit. The model incorporates a 1D FE model which accounts for the complicated
interplay of saturation and fringing. The method is applied to a combined-function accelerator magnet.

Index Terms—Accelerator magnets, Finite element analysis, Newton method, Nonlinear network analysis.

I. INTRODUCTION

MAGNETIC equivalent circuits (MECs) are a popular
modeling tool for simulating electrical devices [1] and

provide a remarkable accuracy when the magnetic flux paths
can be predicted effectively [2]. Even in the presence of
ferromagnetic parts, a nonlinear MEC is a very efficient design
tool [3], [4], [5]. In situations with complicated field patterns,
accurate equivalent MEC parameters can be extracted from
finite-element (FE) models, as long as the flux can be assumed
to be homogeneous at the ports [6]. However, a problem arises
when saturation and fringing effects interfere with each other.
In this paper, a nonlinear three-port MEC is constructed for a
magnetic path where a part of the flux branches-off at its side
and enters an air region.

II. LINEAR THREE-PORT MEC ELEMENT

Consider the bottom leg of the magnet yoke of Fig. 1 around
which a coil with N turns and a current I is wound. For
a straight flux path (model A), the standard model is the
combination of a magnetic voltage source Θ = NI and a
reluctance Ryk,hor = a

µ`zb
with µ the permeability, a the path

length and `zb the path’s cross-section (method A).
For the situation in model B, the above approach is not

applicable. Nevertheless, the magnetic field problem can be
solved analytically. Derived from that, one finds a relation
between the magnetic voltage drops Θ1 and Θ2 and the fluxes
Φ1 and Φ2 (method B), i.e.,[
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where the values for the reluctances are R` = a

2µ`zb
and Rt =

3b
8µ`za

. Eq. (1) corresponds to the equivalent scheme shown in
Fig. 1 (method B) and can be embedded as such in a standard
MEC solver.

III. STRAIGHTFORWARD NONLINEAR THREE-PORT MEC
ELEMENT

When ferromagnetic saturation becomes important, a non-
linear MEC is set up. Straightforward nonlinear counterparts
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Fig. 1. Overview of the applied methods and exemplary models: Model A
shows a technically irrelevant operating mode of the magnet where the flux
circulates around the yoke; Model B provides a switching field, whereas
model C provides a steerer field. Each method presents a circuit equivalent for
a single yoke leg: Method A gives a (non)linear two-port element; Method B
provides a (non)linear three-port element; Method C provides an improved
nonlinear three-port element.

of the above linear MEC elements are constructed by updating
the reluctance according to the operating point on the BH-
characteristic evaluated for the magnetic field strength found
by dividing the magnetic voltage by the magnetic path length.
For the elements R` and Rt, the path lengths are identified to
be a

2 and 3b
8 , respectively. The equations are linearized by the

Newton method. This simple procedure, however, neglects the
fact that saturation may change the pattern of the magnetic flux
distribution. Saturation may locally invoke a reluctivity which
becomes comparable with the reluctivity of air. Then, a change
of the flux pattern is expected, especially when a part of the
flux branches off towards an air region.

IV. IMPROVED NONLINEAR THREE-PORT MEC ELEMENT

An improved nonlinear three-port MEC element is set up
for the exemplary bottom leg of Model C (Fig. 1). For a short
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Fig. 2. Elementary piece for determining a 1D model including saturation and
fringing.

slice (see Fig. 2), flux conservation is expressed by
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(2)
where Bx(x) is the x-component of the magnetic flux density,
dx is the slice thickness, b`z is the yoke cross-section and `ap
is the vertical aperture length. By introducing the nonlinear
material characteristic B = µ(|H|)B and the relation Hx(x) =

− dψ
dx , one finds the 1D differential equation

− d
dx
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µ (|H(x)|) dψ(x)

dx

)
+

2µ0

`apb
ψ(x) = 0 . (3)

Eq. (3) is linearized by Newton’s method and discretized
along the magnetic path by 1D piecewise hat functions. After
convergence of the nonlinear iteration, a relation between the
magnetic voltages Θport and the fluxes Φport at the ports is
extracted, yielding an expression of the form

Φport = GportΘport + Φm,port , (4)

with Gport a permeance matrix and Φm,port a source-
permeance vector. This model can be represented by the circuit
of Fig. 3 and treated as such in a standard MEC solver.
The overall simulation procedure consists of a nonlinear MEC
simulation (outer iteration) where in each iteration a nonlinear
1D FE problem is solved (inner iteration).

V. EXAMPLE AND CONCLUSIONS

A combined-function magnet is developed as part of a new
injection line for the FAIR project at the Helmholtzzentrum
für Schwerionenforschung GSI [7]. The magnet can generate
a vertical magnetic field for bending the particle beam in the
horizontal plane, thereby switching between one or another
beam line. Additionally, the magnet can generate a horizontal
magnetic field to adjust the beam in the vertical plane. When
operated in a nonlinear regime, however, both functions may
interfere [8], [9]. The simulation results obtained by linear
and nonlinear MEC models are compared to those from a FE
model serving as a reference in Fig. 4. In linear operation,
the MEC and FE simulation results match almost perfectly.
In saturation, however, the straightforward nonlinear MEC is
inaccurate. The approach with the improved nonlinear three-
port MEC element has a better accuracy but still can not
compete with FE simulation for high saturation levels.
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Fig. 3. Nonlinear three-port element.
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Fig. 4. Magnetic flux density in the aperture of the bending magnet.
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